Abstract. In this paper, we study some remarkable properties of almostpara-Kenmotsu manifolds. We consider projectively ‡at, conformally ‡at and concircularly ‡at almost -para-Kenmotsu manifolds (with the -parallel tensor …eld h). Finally, we present an example to verify our results.
Introduction
The study of almost paracontact geometry was introduced by Kaneyuki and Williams in [7] and then it was continued by many other authors. A systematic study of almost paracontact metric manifolds was carried out in paper of Zamkovoy, [17] . However such manifolds were studied earlier, [1] , [3] , [4] , [11] . These authors called such structures almost para-coHermitian. The curvature identities for different classes of almost paracontact metric manifolds were obtained e.g. in [5] , [6] , [13] , [17] .
Considering the recent stage of the developments in the theory, there is an impression that the geometers are focused on problems in almost paracontact metric geometry which are created ad hoc.
Almost (para)contact metric structure is given by a pair ( ; ), where is a 1-form, is a 2-form and ^ n is a volume element. It is well known that then there exists a unique vector …eld , called the characteristic (Reeb) vector …eld, such that i = 1, i = 0. The Riemannian or pseudo-Riemannian geometry appears if we try to introduce a compatible structure which is a metric or pseudo-metric g and an a¢ nor ((1; 1)-tensor …eld), such that We have almost paracontact metric structure for = +1 and almost contact metric for = 1. Then, the triple ( ; ; ) is called almost paracontact structure or almost contact structure, resp. Combining the assumption concerning the forms and , we obtain many di¤er-ent types of almost (para)contact manifolds, e.g. (para)contact if is contact form and d = , almost (para)cosymplectic if
Classi…cations are obtained for contact metric, almost cosymplectic, almostKenmotsu and almost -cosymplectic manifolds, e.g [9] , [10] , for paracontact case [8] .
The projective curvature tensor is an important tensor from the di¤erential geometric point of view. Let M be a (2n + 1)-dimensional semi-Riemannian manifold with metric g. The Ricci operator Q of (M; g) is de…ned by g(QX; Y ) = S(X; Y ), where S denotes the Ricci tensor of type (0; 2) on M . If there exists a one-toone correspondence between each coordinate neighborhood of M and a domain in Euclidian space such that any geodesic of the semi-Riemannian manifold corresponds to a straight line in the Euclidean space, then M is said to be locally projectively ‡at. For n 1, M is locally projectively ‡at if and only if the well known projective curvature tensor P vanishes. Here P is de…ned by [12] 
for all X; Y; Z 2 T (M ), where R is the curvature tensor and S is the Ricci tensor. In fact M is projectively ‡at if and only if it is of constant curvature [16] . Thus the projective curvature tensor is the measure of the failure of a semi-Riemannian manifold to be of constant curvature.
In semi-Riemannian geometry, one of the basic interest is curvature properties and to what extend these determine the manifold itself. One of the important curvature properties is conformal ‡atness. The conformal (Weyl) curvature tensor is a measure of the curvature of spacetime and di¤ers from the semi-Riemannian curvature tensor. It is the traceless component of the Riemannian tensor which has the same symmetries as the Riemannian tensor. The most important of its special property that it is invariant under conformal changes to the metric. Namely, if g = kg for some positive scalar functions k, then the Weyl tensor satis…es the equation W = W . In other words, it is called conformal tensor. Weyl constructed a generalized curvature tensor of type (1; 3) on a semi-Riemannian manifold which vanishes whenever the metric is (locally) conformally equivalent to a ‡at metric; for this reason he called it the conformal curvature tensor of the metric. The Weyl conformal curvature tensor is de…ned by
for all X; Y; Z 2 T (M ), where R is the curvature tensor, S is the Ricci tensor and r = tr(S) is scalar curvature [15] . A necessary condition for a semi-Riemannian manifold to be conformally ‡at is that the Weyl curvature tensor vanish. The Weyl tensor vanish identically for 2 dimensional case. In dimensions 4, it is generally nonzero. If the Weyl tensor vanishes in dimensions 4, then the metric is locally conformally ‡at. So there exists a local coordinate system in which the metric is proportional to a constant tensor. For the dimensions greater than 3, this condition is su¢ cient as well. But in dimension 3 the vanishing of the equation c = 0, that is,
is a necessary and su¢ cient condition for the semi-Riemannian manifold being conformally ‡at, where c is the divergence operator of C, for all vector …elds X and Y on M . It should be noted that if the manifold is conformally ‡at and of dimension greater than 3, then C = 0 implies c = 0 [15] . The concircular curvature tensor C of a (2n
for all X; Y; Z 2 T (M ), where R is the curvature tensor and r = tr(S) is scalar curvature [14] , [16] . For n 1, M is coincular ‡at if and only if the well known coincular curvature tensor C vanishes.
The paper is organized in the following way. Section 2 is preliminary section, we remember the class of almost paracontact metric manifolds which de…ned by
where is a function. These manifolds are called almost -paracosymplectic [8] . They contain properly almost paracosymplectic, = 0, and almost -paraKenmotsu, = const: 6 = 0 manifolds. In this section, we remember basic properties of such manifolds. Section 3 and 4 are devoted to properties of almost -para-cosymplectic and almost -para-Kenmotsu manifolds. Section 5 devoted to almost -para-Kenmotsu manifolds with the -parallel tensor …eld h.
In Section 6, 7 and 8 we study, respectively, projectively ‡at, conformally ‡at and concircularly ‡at almost -para-Kenmotsu manifolds (with the -parallel tensor …eld h). Finally, we present an example to verify our results.
Preliminaries
Let M be a (2n + 1)-dimensional di¤erentiable manifold and is a (1; 1) tensor …eld, is a vector …eld and is a one-form on M: Then ( ; ; ) is called an almost paracontact structure on M if 562 I. KÜPELI ERKEN (i) 2 = Id ; ( ) = 1, (ii) the tensor …eld induces an almost paracomplex structure on the distribution D = ker ; that is the eigendistributions D ; corresponding to the eigenvalues 1, have equal dimensions, dim
The manifold M is said to be an almost paracontact manifold if it is endowed with an almost paracontact structure [17] .
Let M be an almost paracontact manifold. M will be called an almost paracontact metric manifold if it is additionally endowed with a pseudo-Riemannian metric g of a signature (n + 1; n), i.e.
For such manifold, we have
Moreover, we can de…ne a skew-symmetric tensor …eld (a 2-form) by
usually called fundamental form. For an almost -paracosymplectic manifold, there exists an orthogonal basis fX 1 ; : : : ; X n ; Y 1 ; : : : ; Y n ; g such that g( 
where [ ; ] is the Nijenhuis torsion of
If N (1) vanishes identically, then the almost paracontact manifold (structure) is said to be normal [17] . The normality condition says that the almost paracomplex structure J de…ned on M R
is integrable.
Almost -Paracosymplectic manifolds
An almost paracontact metric manifold M 2n+1 , with a structure ( ; ; ; g) is said to be an almost -paracosymplectic manifold [8] , if
where may be a constant or function on M:
For a particular choices of the function we have the following subclasses, almost -para-Kenmotsu manifolds, = const: 6 = 0, almost paracosymplectic manifolds, = 0. If additionally normality condition is ful…lled, then manifolds are called -paraKenmotsu or paracosymplectic, resp. De…nition
where L indicates the operator of the Lie di¤ erentiation, X, Y are arbitrary vector …elds on M 2n+1 and f = i d .
Proposition 2. [8]
For an almost -paracosymplectic manifold, we have
In the following proposition we establish some properties of the tensor …eld h: 
Almost -para-Kenmotsu manifolds
In this section, we give curvature properties of an almost -para-Kenmotsu manifold.
Theorem 2.
[8]Let (M 2n+1 ; ; ; ; g) be an almost -para-Kenmotsu manifold. Then, for any X; Y 2 (M 2n+1 );
Theorem 3.
[8]Let (M 2n+1 ; ; ; ; g) be an almost -para-Kenmotsu manifold. Then, for any X 2 (M 2n+1 ) we have
5. Almost -para-Kenmotsu manifolds with the -parallel tensor field h
For any vector …eld X on M 2n+1 , we can take X = X T + (X) ; X T is tangentially part of X and (X) the normal part of X. We say that any symmetric (1; 1)-type tensor …eld B on a semi-Riemannian manifold (M; g) is said to be a -parallel tensor if it satis…es the equation
Proposition 5. Let (M 2n+1 ; ; ; ; g) be an almost -para-Kenmotsu manifold. If the tensor …eld h is -parallel, then we have
for all vector …elds X; Y on M .
Proof. If we suppose that h is -parallel, we have
for all vector …elds X; Y on M . After some calculations, we get
By (3.9), we obtain
Using the fact that Proof. First, if we take the inner product of (5.2) with W , we have
and then replacing X; W by e i in the last equation and taking summation over i (Let fe 1 ; e 2 ; :::; e 2n ; g be an -basis of the tangent space at any point of the manifold), we …nd
for all vector …elds X; Y on M . From the last equation, one can easily get
On the other hand, (5.3) can be written as
So, this ends the proof.
Using Theorem 9 and Theorem 13 of [8] , we can give following corollary. Proof. Let us suppose that almost -para-Kenmotsu manifold is projectively ‡at. If we take the inner product of (1.2) with W , we get
Replacing W; X by in the last equation and using (4.2), (4.5), we get
Considering the -basis and putting Y = Z = e i in (6.2), we obtain
Now, using (3.10), (4.5) and (4.6), we get the requested equation.
Theorem 6. A projectively ‡at -para-Kenmotsu manifold (M 2n+1 ; ; ; ; g) is an Einstein manifold.
Proof. If we take h = 0 in the proof of Theorem 5, we obtain S(Y; Z) = 2n 2 g(Y; Z). This means manifold is Einstein.
Theorem 7. Let (M 2n+1 ; ; ; ; g) be an projectively ‡at almost -para-Kenmotsu manifold with the -parallel tensor …eld h. Then r = tr(l)(2n + 1):
Proof. Let us suppose that (M 2n+1 ; ; ; ; g) is projectively ‡at almost -paraKenmotsu manifold with the -parallel tensor …eld h. If we take the inner product of (1.2) with W , we get
By setting W = X = in the last equation and using Proposition 6 and Theorem 4, we obtain
If we set Y = Z = e i in the last equation, we end the proof.
Conformally flat almost -para-Kenmotsu manifolds
Theorem 8. A conformally ‡at almost -para-Kenmotsu manifold (M 2n+1 ; ; ; ; g) satis…es the following 0 = tr ( (r h)) :
Proof. Let us suppose that almost -para-Kenmotsu manifold is conformally ‡at. If we take the inner product of (1.3) with W , we get
By setting W = X = in the last equation and using (4.2), (4.5) and (4.6), we obtain
Considering the -basis and putting Y = Z = e i in (7.2), we get Then by (3.10), (4.5) and (4.6)), we obtain r = tr ( (r h)) :
8. Concircularly flat almost -para-Kenmotsu manifolds (with the -parallel tensor field h) Theorem 9. A concircularly ‡at almost -para-Kenmotsu manifold (M 2n+1 ; ; ; ; g) has a scalar curvature r = (2n + 1)(S( ; ) tr( (r h)):
Proof. Let us suppose that almost -para-Kenmotsu manifold is concircularly ‡at. If we take the inner product of (1.4) with W , we get
By setting W = X = in the last equation and using (4.2), we obtain
Considering the -basis and putting Y = Z = e i in (8.2), we get
Then by (3.10), (4.5) and (4.6), we obtain (8.1).
Theorem 10. A concircularly ‡at -para-Kenmotsu manifold (M 2n+1 ; ; ; ; g) has a scalar curvature r = 2 2 n(2n + 1):
Proof. If we take h = 0 in the proof of Theorem 9, we obtain the requested equation.
Theorem 11. Let (M 2n+1 ; ; ; ; g) be an concircularly ‡at almost -para-Kenmotsu manifold with the -parallel tensor …eld h. Then r = tr(l)(2n + 1):
Proof. Let us suppose that (M 2n+1 ; ; ; ; g) is concircularly ‡at almost -paraKenmotsu manifold with the -parallel tensor …eld h. If we take the inner product of (1.4) with W , we get If we set Y = Z = e i in the last equation, we end the proof.
Example
Now, we will give an example of a 3-dimensional para-Kenmotsu manifold ( = 1). 
